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Functional equations in algebra
Boris Feigin, Alexander Odesskii
Abstract
We study flat deformations of quotients of a polynomial algebra in a class of graded
commutative associative algebras. Functional equations and their solutions in terms of
theta functions play important role in these studies. An analog of this theory in a fermionic
case is also briefly discussed.
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2
1 Introduction
An ideal I ⊂ C[x1, ..., xN ] is called monomial if it is generated by a set of monomials in
C[x1, ..., xN ]. Monomial ideals often appear in the crossroad of commutative algebra, combi-
natorics and algebraic geometry [1]. In this paper we study flat deformations1 of quotients
by monomial ideals. Some of these deformations might play important role in representation
theory of infinite dimensional Lie algebras [6] and in the theory of vertex algebras [5].
1.1 Some experimental data
Let P (N) = C[x−N , ..., xN ] where N ≫ 0. Let I0 ⊂ P
(N) be a monomial ideal generated by
{xixi+1, −N ≤ i ≤ N − 1}.
Let us study homogeneous flat deformations in this case. The quotient P (N)/I0 admits a
monomial basis
xr1i1 ...x
rm
im
, i1 + 1 < i2, i2 + 1 < i3, ..., im−1 + 1 < im (1.1)
where −N ≤ i1, ..., im ≤ N, 0 < r1, ..., rm.
Let I ⊂ P (N) be an ideal generated by
{xixi+1 + a1xi−1xi+2 + a2xi−2xi+3 + ..., −N ≤ i ≤ N − 1} (1.2)
where a1, a2, ... ∈ C are parameters. We consider I as a deformation of I0. This deformation
is said to be flat if the algebra P (N)/I has the same basis (1.1) as the algebra P (N)/I0. We
want to find all parameters a1, a2, ... such that this deformation is flat. To obtain constraints
for these parameters we proceed as follows. Consider a monomial2
xixi+1xi+2 ∈ P
(N)/I.
We can transform it in two different ways:
xixi+1xi+2 = −(a1xi−1xi+2 + a2xi−2xi+3 + ...)xi+2 = −a1xi−1x
2
i+2 − a2xi−2xi+2xi+3 − ...
or
xixi+1xi+2 = −xi(a1xixi+3 + a2xi−1xi+4 + ...) = −a1x
2
ixi+3 − a2xi−1xixi+4 − ...
Let us replace all products of the form xjxj+1 by −a1xj−1xj+2 − a2xj−2xj+3 − ... everywhere
in the r.h.s. of both expressions for xixi+1xi+2. For example, we replace xi+2xi+3 in the
first expression and xi−1xi in the second expression. Continuing in this way we obtain two
expressions for xixi+1xi+2 in terms of monomials of the form (1.1). We assume that these
monomials (1.1) are linear independent. Equating coefficients of each monomial of the two
1See Definition 4.1.
2We assume that N is much larger than all indexes appear in this computation.
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expressions thus obtained for xixi+1xi+2 we get constraints for a1, a2, .... General solution of
these constraints is as follows. Let Iq, q ∈ C be a family of ideals generated by
∑
α∈Z
(−1)αq
α(3α−1)
2 xi+3αxi+1−3α, i ∈ Z. (1.3)
If a deformation P (N)/I is flat, then I = Iq for some q ∈ C. On the other hand, it is proved in
this paper (Theorem 5.1) that indeed, the algebra P (N)/I is a flat deformation of P (N)/I0.
Similar computations can be done for other algebras with quadratic monomial relations, see
Conjectures 5.1, 5.2 for description of results of these experiments.
1.2 Functional equations
Let us introduce a generating function for coefficients a1, a2, ... in (1.2)
f(z1, z2) = z1 + z2 +
∞∑
j=1
aj(z
−j
1 z
j+1
2 + z
j+1
1 z
−j
2 ).
We have f(z2, z1) = f(z1, z2) and f(λz1, λz2) = λf(z1, z2). It turns out that a deformation
P (N)/I is flat iff the function f(z1, z2) satisfies a functional equation
z21g
(z2z3
z21
)
f(z2, z3) + z
2
2g
(z3z1
z22
)
f(z3, z1) + z
2
3g
(z1z2
z23
)
f(z1, z2) = 0
where
g(z) =
∑
j∈Z
bjz
j
is another function. This and similar functional equations play important role in our study of
flat deformations, see Section 5 for details.
1.3 Connections with Representation Theory and Vertex Algebras
It is convenient to set N = ∞ in the previous considerations, this can be done formally in
terms of projective limit in a category of graded algebras, see Section 2 for details.
Introduce a generating function
G(z) =
∞∑
i=−∞
zixi (1.4)
where xi, i ∈ Z are generators and z is a formal parameter. It is known [4] that the commutative
associative algebra with generators xi, i ∈ Z and relations G(z)
k+1 = 0 can be used for a
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realization of integrable representations of affine Lie algebra sˆl2 of level k. Moreover, the
algebra with relations
G(z)G(tz)...G(tkz) = 0 (1.5)
plays a similar role for a quantum analog [2] of sˆl2.
Consider for example the case
G(z)G(tz) = 0. (1.6)
Substituting (1.4) into (1.6), expanding and equating to zero coefficients of all powers of z we
obtain the relations
x2i + (t+ t
−1)xi−1xi+1 + (t
2 + t−2)xi−2xi+2 + ... = 0,
(1 + t)xixi+1 + (t
−1 + t2)xi−1xi+2 + (t
−2 + t3)xi−2xi+3 + ... = 0.
On the other hand, we can deform relations (1.6) in a similar way as we have deformed the
relations xixi+1 = 0 into relations (1.3). We obtain the following relations
∑
α∈Z
(−1)αq
α(3α−1)
2 G(t3αz)G(t1−3αz) = 0. (1.7)
Substituting the expression (1.4) into (1.7) and equating to zero coefficients of all powers of z
we obtain a family of algebras. We believe that this is a flat deformation of an algebra with
relations x2i = 0, xixi+1 = 0, see Conjecture 5.1 for details.
In Theorem 5.2 we have constructed a flat deformation of the algebra with relations
xixi+1...xi+k = 0.
Probably a similar deformation of relations (1.5) gives an interesting family of algebras. We
believe that the study of these and similar algebras, particularly, the study of flat deformations
of commutative algebras constructed in [3] may have applications in representation theory and
the theory of vertex algebras.
1.4 Plan of the paper and main results
In Section 2 we explain our formalism of commutative associative algebras possessing infinite
expressions. We also introduce our notations for theta functions.
In Section 3 we explain so-called functional realization of polynomials and other algebras
in terms of Laurent series. This is our main tool in obtaining flatness constraints in terms of
functional equations.
In Section 4 we obtain necessary and sufficient conditions for flatness of homogeneous de-
formations of an algebra with relations xixi+1 = 0 (Theorem 4.1) and, more generally, with
relations xixi+1...xi+k−1 = 0 with fixed k > 1 (Theorem 4.2).
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In Section 5 we construct flat deformations of an algebra with relations xixi+1 = 0 (Theorem
5.1) and, more generally, with relations xixi+1...xi+k−1 = 0 with fixed k > 1 (Theorem 5.2).
We construct a conjectural flat deformation of the algebra with relations x2i = 0, xixi+1 = 0
(Conjecture 5.1). We also briefly discuss a fermionic case which is similar to bosonic one. We
suggest a conjectural flat deformation of an algebra with relations ξiξi+1 = 0 (Conjecture 5.2)
and, more generally, of an algebra with relations ξiξi+1...ξi+k−1 = 0 (Conjecture 5.3).
In Section 6 we discuss possible applications of our results and directions of future research.
2 Notations and conventions
Algebra A. Consider a polynomial algebra P = C[..., x−2, x−1, x0, x1, ...] generated by
infinitely many variables xi, i ∈ Z. This is a Z
2-graded associative commutative algebra: we
have P = ⊕n,lPn,l where Pn,l is spanned by monomials x
a1
i1
...xamim with a1i1+ ...+amim = n, a1+
... + am = l. We want to extend this algebra in the following way: let An,l consist of infinite
formal sums of monomials in Pn,l and let A = ⊕n,lAn,l. For example,
∑
i∈Z cix3+ix−i ∈ A3,2
where ci ∈ C are arbitrary coefficients. It is clear that multiplication of such infinite sums is
well defined and so A is an associative commutative algebra. Another way of defining A is as
follows. Let P (N) = C[x−N , ..., xN ]. Define homomorphisms φN : P
(N+1) → P (N) by
φN(x−N−1) = φN(xN+1) = 0 and φN(xi) = xi if −N ≤ i ≤ N.
The algebra A is the projective limit in the category of Z2-graded algebras corresponding to
this chain of homomorphisms.
Homogeneous ideals of the algebra A. In this paper we study quotients of the Z2-
graded algebra A by homogeneous ideals. When we define an ideal in A we use the following
convention. Let gi, i ∈ Z be a set of homogeneous elements of A. By an ideal generated by
{gi, i ∈ Z} we always mean the set of infinite formal sums
∑
i pigi ∈ A where pi ∈ A. Notice
that each of these formal sums should belongs to a direct sum of finitely many homogeneous
components An,l. Quotients of A by such ideals can also be defined as projective limits. Let us
illustrate this by the following
Example 2.1. Let QN be a Z
2-graded algebra with generators xi, − N ≤ i ≤ N and
defining relations ∑
α+β=i,
−N≤α,β≤N
xαxβ = 0, i ∈ Z.
We assume that deg(xi) = (i, 1) ∈ Z
2. For each N = 1, 2, ... there exists a homomorphism
φN : QN+1 → QN such that
φ(x−N−1) = φ(xN+1) = 0 and φ(xi) = xi if −N ≤ i ≤ N.
Let Q be the projective limit in the category of Z2-graded algebras corresponding to this chain
of homomorphisms.
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In the sequel we will say in this and similar examples that the algebra Q is the quotient of
the algebra A by an ideal generated by∑
α+β=i,
α,β∈Z
xαxβ = 0, i ∈ Z.
Dimensions of graded components and cut-off ideals CN . Let I(q) be a fam-
ily of graded ideals of the algebra A where q ∈ C is a parameter. In this paper we study
how dimensions of graded components of a quotient A/I(q) depend on q. For example, we
would like to say that for certain family of ideals dim(A/I(q))m,l does not depend on q or that
dim(A/I(q))m,l ≤ dim(A/I(0))m,l etc. A technical problem here is that dimAm,l =∞ and also
dim(A/I(q))m,l =∞ for all families of ideals we are going to study. To overcome this problem
we introduce cut-off ideals CN of the algebra A. By definition CN is the ideal generated by
xN+1, xN+2, ... In other words, we cut-off all xi with i > N . It is clear that dim(A/CN)m,l <∞
for all N . Let us introduce a notation dimN . By definition
dimN Qm,l = dim(Q/CN)m,l
where Q is a quotient of A. In the sequel when we use a notation dimN we always mean that
N ≫ 0.
Theta functions. Fix a complex number τ such that Imτ > 0. A theta function in one
variable of degree one is defined by
θ(u) =
∑
k∈Z
(−1)ke2pii(ku+
k(k−1)
2
τ).
In this paper we use multiplicative form of this and other theta functions. Introduce new
variables z = e2piiu, q = e2piiτ and denote θ(u) in these variables by g(z). We have
g(z) =
∑
k∈Z
(−1)kziq
k(k−1)
2 .
It is known [7] that the function g(z) can be written as an infinite product
g(z) = (1− z)
∞∏
i=1
(1− qi)(1− qiz)(1 − qiz−1).
See [7] for this and other facts about theta functions.
3 Functional realization
Recall that A = ⊕n,lAn,l is a Z
2-graded algebra, we assume deg(xi) = (i, 1). Sometimes it will
be convenient to identify ⊕nAn,l with a vector space of symmetric Laurent formal series in l
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variables. Let us define isomorphisms ψl : ⊕k An,l → C((z
±1
1 , ..., z
±1
l ))
Sl by
ψl(xi1 ...xil) =
∑
σ∈Sl
zi1σ(1)...z
il
σ(l) (3.8)
where Sl stands for symmetric group. For example ψ1(xi) = z
i
1 and ψ2(xixj) = z
i
1z
j
2+z
j
1z
i
2. The
product of Laurent series Aα ⊗Aβ → Aα+β can be written under such identification as follows
fg(z1, ..., zα+β) =
1
α!β!
∑
σ∈Sα+β
f(zσ(1), ..., zσ(α))g(zσ(α+1), ..., zσ(α+β)) (3.9)
where f(z1, ..., zα) ∈ C((z
±1
1 , ..., z
±1
α ))
Sα and g(z1, ..., zβ) ∈ C((z
±1
1 , ..., z
±1
β ))
Sβ .
For example, if f(z1), g(z1) ∈ C((z
±1
1 )), then
fg(z1, z2) = f(z1)g(z2) + f(z2)g(z1)
and if f(z1) ∈ C((z
±1
1 )), g(z1, z2) ∈ C((z
±1
1 , z
±1
2 ))
S2, then
fg(z1, z2, z3) = f(z1)g(z2, z3) + f(z2)g(z1, z3) + f(z3)g(z1, z2).
We will refer to the identification (3.8) and to the product formula (3.9) as to a functional
realization of A.
4 Flat deformations of algebras with monomial relations
Let I0 ⊂ A be an ideal in A generated by a set of monomials mα. The quotient A/I0 is a
Z2-graded algebra because each monomial mα is homogeneous. Let q ∈ C be a parameter, and
let mα(q) be a family of homogeneous elements of A such that mα(0) = mα. We say that the
ideal Iq is a deformation of I0 and the quotient A/Iq is a deformation of A/I0.
Lemma 4.1. If q ∈ C is in generic position, then dimN (A/Iq)n,l ≤ dimN (A/I0)n,l for all
n, l. More precisely, for each n, l there exists εn,l > 0 such that dimN(A/Iq)n,l ≤ dimN (A/I0)n,l
for 0 < |q| < εn,l.
Proof. Follows from the usual semi-continuity of rank arguments. Indeed, dimN(Iq)n,l is
equal to the rank of a certain matrix depending on q. Therefore, it does not depend on q if q
is in generic position and can be only smaller for special values of q. 
Definition 4.1. A deformation A/Iq is flat if dimensions of graded components (A/Iq)n,l
and (A/I0)n,l are equal for all n, l.
In this Section we discuss criteria of flatness of such deformations for various set of mono-
mials mα. We will give necessary and sufficient conditions of flatness in the case mα =
xαxα+1...xα+k, α ∈ Z where k > 0 is fixed. Specific examples of deformations will be dis-
cussed in the next Section.
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4.1 An algebra with quadratic relations
Let I0 be the ideal of the algebra A generated by monomials yi = xixi+1, i ∈ Z. In this
Subsection we discuss homogeneous flat deformations of the quotient A/I0. It is clear that the
following relations hold
xiyi+1 − xi+2yi = 0, i ∈ Z. (4.10)
We are going to prove that a deformation of the algebra A/I0 is flat iff the relations (4.10) can
also be deformed.
Let B be the quotient of the algebra A by an ideal generated by
zi = xixi+1 + a1xi−1xi+2 + a2xi−2xi+3 + ... (4.11)
where a1, a2, ... ∈ C are fixed constants. After a change of variable xj → q
j2xj where q 6= 0 is
a parameter, we obtain an isomorphic algebra B(q), the quotient of the algebra A by the ideal
generated by
zi(q) = xixi+1 + q
4a1xi−1xi+2 + q
12a2xi−2xi+3 + ... (4.12)
It is clear that B(q) ∼= B(1) = B if q 6= 0. On the other hand, B(0) is a quotient of A by the
ideal generated by the monomials zi(0) = yi = xixi+1 and is not isomorphic to B. The algebra
B(q) is a deformation of B(0), the question is for which a1, a2, ... it is flat.
Theorem 4.1. B(q) is a flat deformation of B(0) iff zi(q) satisfy
xizi+1(q)− xi+2zi(q) =
∑
β∈Z
gβ(q)xj−2βzj+1+β(q), i ∈ Z. (4.13)
where gβ(q) are some holomorphic functions and gβ(0) = 0.
Proof is based on combinatorial properties of the ideal I0 generated by yi, i ∈ Z in a
polynomial algebra.
Let M be the quotient of the polynomial algebra P = C[xi, i ∈ Z] by the ideal generated
by yi = xixi+1, i ∈ Z. It is clear that M becomes a Z
2-graded algebra if we assume deg(xi) =
(i, 1) ∈ Z2. The algebra M has a basis xa1i1 x
a2
i2
...xamim where i1, ..., im ∈ Z, 0 < a1, ..., am and
i1 + 1 < i2, i2 + 1 < i3, ..., im−1 + 1 < im.
Introduce an auxiliary polynomial algebra P¯ = C[xi, y¯i, i ∈ Z]. Define a homomorphism
φ : P¯ → P by
φ(xi) = xi, φ(y¯i) = xixi+1.
Definition 4.2. A monomial xa1i1 ...x
am
im y¯
b1
j1
...y¯bnjn with i1 < ... < im, j1 < ... < jn ∈ Z,
0 < a1, ..., am, b1, ..., bn is reduced if i1 + 1 < i2, ..., im−1 + 1 < im and jα 6= iβ + 1 for α =
1, ..., n, β = 1, ..., m.
Remark 4.1. In other words, a monomial is reduced if it is not divisible by xixi+1 and
xiy¯i+1 for all i ∈ Z.
Definition 4.3. Let u, v be monomials in the algebra P¯ . A monomial v is a reduction of
a monomial u if v can be obtained from u by a sequence of the following transformations
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1. Replacing xixi+1 by y¯i for some i ∈ Z. In particular, y¯i is a reduction of xixi+1.
2. Replacing xiy¯i+1 by xi+2y¯i for some i ∈ Z. In particular, xi+2y¯i is a reduction of xiy¯i+1.
Remark 4.2. It is clear that a monomial u is reduced iff no transformations 1 or 2 can be
applied to u.
Lemma 4.2. Let u, v be monomials in the algebra P¯ . If a monomial v is a reduction of a
monomial u, then φ(u) = φ(v). In particular, for any monomial u ∈ P¯ the set of its reductions
is finite.
Proof. It is clear that φ(xixi+1) = φ(y¯i) = xixi+1 and φ(xiy¯i+1) = φ(xi+2y¯i) = xixi+1xi+2,
so each of the transformations 1, 2 from Definition 4.3 preserves the image of a monomial under
the map φ. Therefore, any sequence of these transformations also preserves the image.
Notice that for any monomial xl1 ...xlt ∈ P the set of monomials v ∈ P¯ such that φ(v) =
xl1 ...xlt is finite. Therefore, the set of reductions of any monomial u ∈ P¯ is also finite. 
Lemma 4.3. For any monomial u in the algebra P¯ there exists a unique reduced monomial
v such that v is a reduction of u.
Proof. For an arbitrary monomial v = xa1i1 ...x
am
im
y¯b1j1 ...y¯
bn
jn
∈ P¯ we denote deg1(v) = a1 +
...+ am and deg2(v) = b1j1 + ... + bnjn. Let
Red(u) = {v ∈ P¯ ; v is a monomial and is a reduction of u}.
The set Red(u) is finite by Lemma 4.2. Note that3 u ∈ Red(u) so the set Red(u) is not
empty. Take a monomial v ∈ Red(u) and apply transformations 1 and 2 to it until it is
possible. Notice that each transformation 1 decreases deg1(v) by one and each transformation
2 preserves deg1(v) and decreases deg2(v) by 1. Since Red(u) is finite, after finitely many
applications of transformations 1 and 2 we come to an element w ∈ Red(u) such that neither
transformation 1 nor 2 can be applied to w. This means that w is not divisible by xixi+1 and
xiy¯i+1 for all i ∈ Z. Therefore, w is reduced by Remark 4.1 and we have proved existence.
To prove uniqueness, suppose that v, v′ are both reductions of u and are both reduced.
It follows from Lemma 4.2 that φ(v) = φ(v′) = φ(u) and the statement v = v′ follows from
Lemma 4.4 below. 
Lemma 4.4. If monomials v, v′ ∈ P¯ are both reduced and φ(v) = φ(v′), then v = v′.
Proof. Let v = xa1i1 ...x
am
im y¯
b1
j1
...y¯bnjn , v
′ = x
a′1
i′1
...x
a′
m′
i′
m′
y¯
b′1
j′1
...y¯
b′
n′
j′
n′
where i1 < ... < im, j1 < ... <
jn ∈ Z, 0 < a1, ..., am, b1, ..., bn and i
′
1 < ... < i
′
m′ , j
′
1 < ... < j
′
n′ ∈ Z, 0 < a
′
1, ..., a
′
m′ , b
′
1, ..., b
′
n′.
Assume that v, v′ are both reduced and φ(v) = φ(v′). Assume that v 6= v′ and we have chosen
a pair v, v′ with the smallest possible g = a1 + ... + am + b1 + ... + bn. We have i1 6= i
′
1 and
j1 6= j
′
1, otherwise we can divide both v, v
′ by xi1 or yj1 and decrease g. Let i1 < i
′
1 (otherwise
just interchange v and v′). In this case we have j′1 = i1 because φ(v) = φ(v
′) is divisible by xi1 .
On the other hand, φ(y¯j′1) = φ(y¯i1) = xi1xi1+1 and therefore φ(v) is divisible by xi1+1. This is
not possible however because v is reduced by assumption and so i2 6= i1 + 1 and ja 6= i1 +1 for
all a = 1, ..., n. 
3u is obtained from u by an empty sequence of transformations from Definition 4.3.
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Remark 4.3. The statements of the above Lemmas can be reformulated less formally as
follows: all relations between xi, yi ∈ P are consequences of the relations (4.10).
Let us prove Theorem 4.1. If a deformation B(q) is flat, then in particular dimN B(q)m,3 =
dimN B(0)m,3 for all m. This means that the relations (4.10) can be deformed and we have
(4.13) for some functions gβ(q). Indeed, if the relations (4.10) can not be deformed, then the
cubic part of the ideal Iq becomes larger than the cubic part of the ideal I0.
On the other hand, suppose that (4.13) holds. It follows from Lemma 4.1 that dimN B(q)n,l ≤
dimN B(0)n,l for q 6= 0 because all algebras B(q) with q 6= 0 are isomorphic. Therefore, the
dimensions of graded components of the ideal Iq generated by zi(q) for q 6= 0 can be either
the same or larger than these at q = 0. However, it follows from Lemma 4.3 that the ideal
generated by zi(q) for q 6= 0 can not become larger than the one for q = 0 because any ele-
ment of this ideal of the form xa1i1 ...x
am
im zj1(q)
b1 ...zjn(q)
bn with i1 < ... < im, j1 < ... < jn ∈ Z,
0 < a1, ..., am, b1, ..., bn can be written as a linear combination of reduced monomials of such
form. To show this let us write (4.12) in the form
xixi+1 = zi(q) +O(q) (4.14)
Let us also write (4.13) in the form
xiz(q)i+1 = xi+2z(q)i +O(q) (4.15)
Given a monomial u = xa1i1 ...x
am
im
zj1(q)
b1...zjn(q)
bn ∈ I(q) we can make the following transfor-
mations without changing u ∈ A
1′. Replacing xixi+1 by zi(q) +O(q) for some i ∈ Z.
2′. Replacing xizi+1 by xi+2zi(q) +O(q) for some i ∈ Z.
These transformations coincide modulo q with transformations 1 and 2 from Definition 4.3
if we replace z(q)i by yi. Lemma 4.3 shows that u is equal to a reduced monomial modulo
q. Write u = u(r) + q
∑
α sαvα + O(q
2) where u(r) is a reduced monomial, sα ∈ C and vα are
some monomials. After that we apply the same procedure to each monomial vα writing it as
v
(r)
α + O(q) where v
(r)
α are reduced. Continuing in this way we write u as a linear combination
of reduced monomials.
Since each monomial from the ideal Iq can be written as a linear combination of reduced
monomials, then dimN(Iq)n,l can not be greater than the number of reduced monomials of
degree (n, l). But this number of reduced monomials is equal to dimN(I0)n,l by Lemma 4.3. 
4.2 Algebras with higher degree relations
Fix an integer k > 1. Let I0 be the ideal of the algebra A generated by monomials yi =
xixi+1...xi+k, i ∈ Z. In this Subsection
4 we discuss homogeneous flat deformations of the
quotient A/I0. It is clear that the following relations hold
xiyi+1 − xi+k+1yi = 0, i ∈ Z. (4.16)
4In the case k = 1 we have quadratic relations. This case was considered in the previous Subsection.
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We are going to prove that a deformation of the algebra A/I0 is flat iff the relations (4.16) can
also be deformed.
Let B be the quotient of the algebra A by an ideal generated by
zi =
∑
α1,...,αk+1∈Z,
α1≤...≤αk+1,
α1+...+αk+1=
k(k+1)
2
aα1,...,αk+1xi+α1xi+α2 ...xi+αk+1 , i ∈ Z (4.17)
for some fixed constants aα1,...,αk+1 ∈ C where without loss of generality we assume a0,1,...,k = 1.
After change of variable xj → q
j2xj where q 6= 0 is a parameter, we obtain an isomorphic
algebra B(q), the quotient of the algebra A by the ideal generated by
zi(q) =
∑
α1,...,αk+1∈Z,
α1≤...≤αk+1,
α1+...+αk+1=
k(k+1)
2
qα
2
1+...+α
2
k+1−1
2−...k2aα1,...,αk+1xi+α1xi+α2 ...xi+αk+1 , i ∈ Z (4.18)
It is clear that B(q) ∼= B(1) = B if q 6= 0. Assume that the r.h.s. of (4.18) can be written
as xixi+1...xi+k + O(q). In this case B(0) is a quotient of A by the ideal generated by the
monomials zi(0) = yi = xixi+1...xi+k and is not isomorphic to B. On the other hand, B(q) is a
deformation of B(0), the question is for which aα1,...,αk+1 it is flat.
Theorem 4.2. B(q) is a flat deformation of B(0) iff zi(q) satisfy
xizi+1(q)− xi+k+1zi(q) =
∑
β∈Z
gβ(q)xj−(k+1)βzj+β(q), i ∈ Z. (4.19)
where gβ(q) are some holomorphic functions and gβ(0) = 0.
Proof is similar to the proof of Theorem 4.1. We outline the main steps leaving details to
the reader.
Let M be the quotient of the polynomial algebra P = C[xi, i ∈ Z] by the ideal generated
by yi = xixi+1...xi+k, i ∈ Z. Introduce an auxiliary polynomial algebra P¯ = C[xi, y¯i, i ∈ Z].
Define a homomorphism φ : P¯ → P by
φ(xi) = xi, φ(y¯i) = xixi+1...xi+k.
Definition 4.4. Amonomial xa1i1 ...x
am
im y¯
b1
j1
...y¯bnjn is reduced if it is not divisible by xixi+1...xi+k
and xiy¯i+1 for all i ∈ Z.
Definition 4.5. Let u, v be monomials in the algebra P¯ . A monomial v is a reduction of
a monomial u if v can be obtained from u by a sequence of the following transformations
1. Replacing xixi+1...xi+k by y¯i for some i ∈ Z. In particular, y¯i is a reduction of
xixi+1...xi+k.
2. Replacing xiy¯i+1 by xi+k+1y¯i for some i ∈ Z. In particular, xi+k+1y¯i is a reduction of
xiy¯i+1.
With these Definitions Lemmas 4.2, 4.3, 4.4 still hold, proofs are similar. Proof of Theorem
4.2 is based on these Lemmas and is similar to proof of Theorem 4.1. 
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5 Flat deformations and functional equations
5.1 Algebras with quadratic relations
1. From flatness conditions to functional equations.
Let I0 be an ideal in A generated by monomials
y01,i = xixi+k1 , ..., y
0
l,i = xixi+kl, i ∈ Z
where 0 ≤ k1 < ... < kl are fixed. There exist relations between xi and y
0
a,j of the form
∑
j∈Z
1≤a≤l
pa,j,sxi+s−2j−kay
0
a,i+j = 0, i ∈ Z (5.20)
where pa,j,s ∈ {0, 1,−1}. For example, we have relations xiy
0
a,i+kb
− xi+ka+kby
0
b,i = 0. Let Ds be
dimension of the vector space of relations of the form (5.20) with given s. Note that Ds > 0
for some s unless l = 1, k1 = 0.
Example 5.1. Let I0 be generated by y
0
i = xixi+1. We have relations xiy
0
i+1 − xi+2y
0
i = 0
so D3 = 1.
Example 5.2. Let I0 be generated by y
0
1,i = x
2
i , y
0
2,i = xixi+1. We have relations
xiy
0
2,i − xi+1y
0
1,i = 0, xiy
0
1,i+1 − xi+1y
0
2,i = 0, xiy
0
2,i+1 − xi+2y
0
2,i = 0
so D1 = D2 = D3 = 1.
Let I be an ideal in A generated by
ya,i = xixi+ka +
∑
j∈Z\{0,−ka}
ua,jxi−jxi+ka+j (5.21)
where ua,j ∈ C. The question is for which parameters ua,j the quotient algebra A/I has the
same size as A/I0. More precisely, we want to have dimN(A/I)m,l = dimN(A/I0)m,l for all m, l
and N ≫ 0. In this case we say that A/I is a flat deformation5 of A/I0. In particular we want
dimN(A/I)m,3 = dimN (A/I0)m,3 which means that relations
∑
j∈Z
1≤a≤l
va,j,sxi+s−2j−kaya,i+j = 0, i ∈ Z (5.22)
should hold where va,j,s ∈ C. Moreover, dimension of vector space of such relations should be
equal to Ds. Substituting the expressions (5.21) into (5.22) and equating to zero all coefficients
of monomials in xk we obtain constraints for ua,j, va,j,s ∈ C which should be solved in order
5See Section 4 for precise definition.
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to classify all flat deformations. It is much easier however to do this in terms of generating
functions for the coefficients ua,j, va,j,s. Let us do this using functional realization described in
Section 3.
Introduce generating functions for the sequences ua,j, va,j,s
fa(z1, z2) = z
ka
1 + z
ka
2 +
∑
j∈Z\{0,−ka}
ua,j(z
−j
1 z
ka+j
2 + z
ka+j
1 z
−j
2 ), ga,s(z) =
∑
j∈Z
va,j,sz
j . (5.23)
It is clear that the following equations hold
fa(λz1, λz2) = λ
kafa(z1, z2). (5.24)
and
fa(z1, z2) = fa(z2, z1). (5.25)
Lemma 5.1. Relations (5.22) are equivalent to the following functional equation
l∑
a=1
(zs−ka1 ga,s
(z2z3
z21
)
fa(z2, z3) + z
s−ka
2 ga,s
(z3z1
z22
)
fa(z3, z1) + z
s−ka
3 ga,s
(z1z2
z23
)
fa(z1, z2)) = 0.
(5.26)
Moreover, if functions fa(z1, z2) are fixed, then for each s dimension of vector space of functions
ga,s(z) satisfying (5.26) is equal to Ds.
Proof. Let6
fa,i(z1, z2) = ψ2(ya,i) = z
i
1z
i+ka
2 + z
i+ka
1 z
i
2 +
∑
j∈Z\{0,−ka}
ua,j(z
i−j
1 z
i+ka+j
2 + z
i+ka+j
1 z
i−j
2 ).
It is clear that we can write
fa,i(z1, z2) = z
i
1z
i
2fa(z1, z2) (5.27)
Computing the functional realization of the l.h.s. of (5.22) using formula (3.9) for multiplication
we obtain
∑
j∈Z
1≤a≤l
va,j,s(z
i+s−2j−ka
1 fa,i+j(z2, z3) + z
i+s−2j−ka
2 fa,i+j(z3, z1) + z
i+s−2j−ka
3 fa,i+j(z1, z2)) = 0.
Using (5.27) we rewrite this as
∑
j∈Z
1≤a≤l
va,j,s(z
s−2j−ka
1 z
j
2z
j
3fa(z2, z3) + z
s−2j−ka
2 z
j
3z
j
1fa(z3, z1) + z
s−2j−ka
3 z
j
1z
j
2fa(z1, z2)) = 0. (5.28)
Using generating functions ga,s(z) for the sequences va,j,s we can rewrite (5.28) as (5.26). 
6See Section 3 for definition of ψ2.
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2. Flat deformations of the algebra with relations xixi+1 = 0.
Let I0 be generated by y
0
i = xixi+1. In this case D3 = 1, see Example 1. Equation (5.26)
takes the form
z21g1,0
(z2z3
z21
)
f1(z2, z3) + z
2
2g1,0
(z3z1
z22
)
f1(z3, z1) + z
2
3g1,0
(z1z2
z23
)
f1(z1, z2) = 0 (5.29)
Lemma 5.2. The functions g1,0(z) = g(z), f1(z1, z2) defined by
g(z) = (1− z)
∏∞
i=1(1− q
i)(1− qiz)(1 − qiz−1) =
∑
i∈Z(−1)
iziq
i(i−1)
2 ,
f1(z1, z2) =
z2g
(
z21
z2
2
)
g
(
z1
z2
) ∏∞
i=1(1− q
i) =
∑
i∈Z(−1)
iq
i(3i−1)
2 (z3i1 z
1−3i
2 + z
1−3i
1 z
3i
2 )
(5.30)
satisfy equation (5.29). Here q ∈ C and |q| < 1.
Proof. It is clear that the Laurent series in (5.30) is convergent if |q| < 1. Substituting the
first expression for f1(z1, z2) from (5.30) into (5.29) we obtain
t21g
(t2
t21
)g(t22)
g(t2)
+ t1t
2
2g
(t1
t22
)g( 1
t21
)
g
(
1
t1
) + t2g(t1t2)g
( t21
t22
)
g
(
t1
t2
) = 0 (5.31)
where t1 =
z1
z3
, t2 =
z2
z3
.
One can verify by direct computations the following identities
g(z−1) = −z−1g(z), g(1) = 0, g(qz) = −z−1g(z). (5.32)
Let R(t1, t2) be the l.h.s. of (5.31). The function R(t1, t2) possesses a Laurent series expansion
in t1, t2. One can verify using (5.32) that
R(qt1, t2) = q
−1t−41 t
2
2R(t1, t2), R(t1, qt2) = q
−1t21t
−4
2 R(t1, t2)
and
R(t−12 , t2) = R(t
2
2, t2) = R(±t
1/2
2 , t2) = R(−1, t2) = R(−t2, t2) = 0.
There is no nonzero Laurent series in t1, t2 satisfying these properties. 
Theorem 5.1. Let Bq be an algebra generated by xi, i ∈ Z with defining relations
∑
α∈Z
(−1)αq
α(3α−1)
2 xi+3αxi+1−3α = 0, i ∈ Z. (5.33)
Then Bq is a flat deformation of B0.
Proof. Follows from Lemmas 5.1, 5.2 and Theorem 4.1. Notice that if we define
yi =
∑
α∈Z
(−1)αq
α(3α−1)
2 xi+3αxi+1−3α
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then in the algebra A we have∑
β∈Z
(−1)βq
β(β−1)
2 xj−2β+2yj+β = 0, j ∈ Z. 
3. Deformations of the algebra with relations x2i = xixi+1 = 0.
Let I0 be generated by y
0
1,i = x
2
i , y
0
2,i = xixi+1. We have relations
xiy
0
2,i − xi+1y
0
1,i = 0, xiy
0
1,i+1 − xi+1y
0
2,i = 0, xiy
0
2,i+1 − xi+2y
0
2,i = 0
so D1 = D2 = D3 = 1.
Define a function f(t) by
f(t) =
∑
i∈Z
(−1)i
(
t6i+1 +
1
t6i+1
)
q
i(3i+1)
2 .
where |q| < 1.
Conjecture 5.1. Let I be an ideal in the algebra A generated by
y1,i =
∑
k∈Z
f(t2k)q˜k
2
xi−kxi+k, y2,i =
∑
k∈Z
f(t2k+1)q˜k
2+kxi−kxi+k+1, i ∈ Z
where t, q, q˜ ∈ C, t 6= 0. The algebra A/I is a flat deformation of the algebra A/I0.
Remark 5.1. To support this conjecture we have verified that the corresponding functional
equations (5.26) hold for certain functions ga,s(z).
Remark 5.2. The class of isomorphism of the algebra A/I does not depend on q˜ if q˜ 6= 0.
Remark 5.3. Let q˜ = 1. Introduce a generating function G(z) =
∑
i∈Z z
ixi, a formal
Laurent series in a parameter z. Relations in the algebra A/I can be written as
∑
k∈Z
(−1)kq
k(3k+1)
2 G
( z
t6k+1
)
G(zt6k+1) = 0.
In particular, if q = 0, then we have G( z
t
)G(zt) = 0.
5.2 Algebras with higher degree relations
Let Bk,0, 2 ≤ k be the quotient of the polynomial algebra A = C[xi, i ∈ Z] by the ideal
generated by y0i = xixi+1...xi+k−1 ∈ A. It is clear that Bk,0 becomes a Z
2-graded algebra if we
assume deg(xi) = (i, 1) ∈ Z
2.
We want to study flat deformations of Bk,0 in the class of Z
2-graded algebras of the type
described in Section 4.2. Recall that the following relations hold
xiy
0
i+1 − xi+ky
0
i = 0, i ∈ Z. (5.34)
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Suppose that a deformed Z2-graded algebra B has relations
yi =
∑
α1,...,αk∈Z,
α1≤...≤αk,
α1+...+αk=
k(k−1)
2
aα1,...,αkxi+α1xi+α2 ...xi+αk , i ∈ Z (5.35)
for some aα1,...,αk ∈ C where without loss of generality we assume a0,1,...,k−1 = 1. In order to
obtain a flat deformation we need also to deform the relations between relations (5.34). Suppose
that after deformation we have
∑
β∈Z
bβxj+kβyj+1−β = 0, j ∈ Z. (5.36)
Substituting the expressions (5.35) into (5.36) and equating to zero all coefficients of monomials
in xk we obtain constraints for aα1,...,αk , bβ ∈ C which should be solved in order to classify all
flat deformations. It is much easier however to do this in term of generating functions for the
coefficients aα1,...,αk , bβ ∈ C. Let us do this using functional realization described in Section 3.
Introduce generating functions for the sequences aα1,...,αk, bβ
f(z1, ..., zk) =
∑
α1,...,αk∈Z,
α1≤...≤αk,
α1+...+αk=
k(k−1)
2
σ∈Sk
aα1,...,αkz
α1+1
σ(1) z
α2+1
σ(2) ...z
αk+1
σ(k) (5.37)
and
g(z) =
∑
β∈Z
bβz
β .
Note that f(z1, ..., zk) is symmetric and satisfies the homogeneity condition
f(λz1, ..., λzk) = λ
k(k+1)
2 f(z1, ..., zk). (5.38)
Lemma 5.3. Relations (5.36) are equivalent to the following functional equation
g
( zk1
z2...zk+1
)
f(z2, ..., zk+1) + ... + g
( zkk+1
z1...zk
)
f(z1, ..., zk) = 0. (5.39)
Proof. Let7
fi(z1, ..., zk) = ψk(yi) =
∑
α1,...,αk∈Z,
α1≤...≤αk,
α1+...+αk=
k(k−1)
2
σ∈Sk
aα1,...,αkz
i+α1
σ(1) z
i+α2
σ(2) ...z
i+αk
σ(k) .
7See Section 3 for definition of ψk.
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It is clear that we can write
fi(z1, ..., zk) = z
i−1
1 ...z
i−1
k f(z1, ..., zk) (5.40)
Computing the functional realization of the l.h.s. of (5.36) using the formula (3.9) for multipli-
cation we obtain
∑
β∈Z
bβ(z
j+kβ
1 fj+1−β(z2, ..., zk+1) + ... + z
j+kβ
k+1 fj+1−β(z1, ..., zk)) = 0, j ∈ Z.
Using (5.40) we rewrite this as
∑
β∈Z
bβ(z
kβ
1 z
−β
2 ...z
−β
k+1f(z2, ..., zk+1) + ...+ z
−β
1 ...z
−β
k z
kβ
k+1f(z1, ..., zk)) = 0. (5.41)
Using generating function g(z) for the sequence bβ we can rewrite (5.41) as (5.39) where the
function f(z1, ..., zk) is symmetric and satisfies the equation (5.38). 
Define functions g(z), fn,k(z1, ..., zn) by
g(z) = (1− z)
∏∞
i=1(1− q
i)(1− qiz)(1 − qiz−1) =
∑
i∈Z(−1)
iziq
i(i−1)
2 ,
fn,k(z1, ..., zn) = (−1)
n
∑
σ∈Sn
g(zk
σ(1)
)g(z−1
σ(1)
zk
σ(2)
)g(z−1
σ(1)
z−1
σ(2)
zk
σ(3)
)...g(z−1
σ(1)
...z−1
σ(n−1)
zk
σ(n)
)
g(z−1
σ(1)
)g(z−1
σ(1)
z−1
σ(2)
)g(z−1
σ(1)
z−1
σ(2)
z−1
σ(3)
)...g(z−1
σ(1)
...z−1
σ(n)
)
(5.42)
where |q| < 1 and n, k = 1, 2, .... For example,
f1,k(z) = −
g(zk)
g(z−1)
and f2,k(z1, z2) =
g(zk1 )g(z
−1
1 z
k
2 )
g(z−11 )g(z
−1
1 z
−1
2 )
+
g(zk2)g(z
−1
2 z
k
1 )
g(z−12 )g(z
−1
1 z
−1
2 )
.
The following properties of the functions g, fn,k can be verified by direct calculation
g(qz) = −z−1g(z); g(z) = 0 iff z = qi, i ∈ Z, (5.43)
fn,k(qz1, z2, ..., zn) = (−1)
k−1q−
(k+1)(k−2)
2 z−k
2+1
1 z
k+1
2 ...z
k+1
n fn,k(z1, ..., zn). (5.44)
Furthermore, fn,k(z1, ..., zn) is a symmetric function in z1, ..., zn and satisfies the following re-
currence relations
fn+1,k(z1, ..., zn+1) = −
n+1∑
i=1
g(z−11 ...z
k
i ...z
−1
n+1)
g(z−11 ...z
−1
n+1)
fn,k(z1, ..., ẑi, ..., zn+1). (5.45)
It follows from (5.43), (5.42) that
f1,k(1) = k, f1,k(ε) = 0, f1,k(η) = (−1)
i−1ηiq−
i(i−1)
2 (5.46)
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where εk = qi, ηk+1 = qi, i ∈ Z and ε, η 6= 1. More generally, we have
fn+1,k(z1, ..., zn, 1) = (k − n)fn,k(z1, ..., zn) (5.47)
and
fn+1,k(z1, ..., zn, ε) = −z
(k+1)i
1 fn,k(εz1, z2, ..., zn)− ...− z
(k+1)i
n fn,k(z1, ...zn−1, εzn), (5.48)
fn+1,k(z1, ..., zn, η) = (−1)
i−1zi1...z
i
nη
iq−
i(i−1)
2 fn,k(z1, ..., zn)−
−zki1 fn,k(ηz1, z2, ..., zn)− ...− z
ki
n fn,k(z1, ...zn−1, ηzn)
(5.49)
where εk = qi, ηk+1 = qi, i ∈ Z and ε, η 6= 1. This follows either directly from (5.42) or using
induction by n from (5.45).
Lemma 5.4. The functions fn,k(z1, ..., zn) are holomorphic if z1, ..., zn ∈ C\{0} and |q| < 1.
In particular, fn,k(z1, ..., zn) can be represented as Laurent series in z1, ..., zn.
Proof. Let us use induction in n. The case n = 1 is clear by (5.42). Suppose that
fn,k(z1, ..., zn) is holomorphic. We need to prove that the r.h.s. of (5.45) is holomorphic as well.
Let
Res(z1, ..., zn) = −
n+1∑
i=1
g(z−11 ...z
k
i ...z
−1
n+1)fn,k(z1, ..., ẑi, ..., zn+1)
∣∣∣
zn+1=z
−1
1 ...z
−1
n
.
We need to prove that Res(z1, ..., zn) = 0 identically. It follows from the induction hypothesis
that Res(z1, ..., zn) is holomorphic. It is also clear that Res(z1, ..., zn) is symmetric and satisfies
the identity
Res(qz1, ..., zn) = q
−k(k+1)z−2k
2−2k
1 z
−k2−k
2 ...z
−k2−k
n Res(z1, ..., zn). (5.50)
It follows from (5.46), (5.47), (5.48) that Res(z1, ..., zn) is divisible by
g(zk1)...g(z
k
n)g(z
−k
1 ...z
−k
n ) g(z
k+1
1 )...g(z
k+1
n )g(z
−k−1
1 ...z
−k−1
n )
g(z1)...g(zn)g(z
−1
1 ...z
−1
n )
.
Let
H(z1, ..., zn) = Res(z1, ..., zn)
g(z1)...g(zn)g(z
−1
1 ...z
−1
n )
g(zk1)...g(z
k
n)g(z
−k
1 ...z
−k
n ) g(z
k+1
1 )...g(z
k+1
n )g(z
−k−1
1 ...z
−k−1
n )
.
It is clear that H(z1, ..., zn) is holomorphic, symmetric and it follows from (5.50), (5.42) that
H(z1, ..., zn) satisfies the identity
H(qz1, ..., zn) = q
k(k+1)z2k
2+2k
1 z
k2+k
2 ...z
k2+k
n H(z1, ..., zn). (5.51)
However, one can check that any nonzero Laurent series in z1, ..., zn with these properties
diverges. Therefore, H (and also Res) is identically zero. 
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Lemma 5.5. The functions f(z1, ..., zk) = fk,k(z1, ..., zk) and g(z) defined by (5.42) satisfy
the equations (5.39) and (5.38). Here q ∈ C and |q| < 1.
Proof. It follows from the previous Lemma that fn,k(z1, ..., zk) can be written as convergent
Laurent series for all n, k = 1, 2, .... However, any Laurent series satisfying (5.44) with n = k
is homogeneous and satisfies (5.38). Furthermore, we have fk+1,k(z1, ..., zk+1) = 0 identically
because any nonzero Laurent series satisfying (5.44) with n = k+1 diverges. On the other hand,
it follows from (5.45) that the l.h.s. of (5.39) is equal to −fk+1,k(z1, ..., zk+1)g(z
−1
1 ...z
−1
k+1) = 0.

Theorem 5.2. Let I be an ideal of A generated by yi, i ∈ Z where the generating function
(5.37) of the coefficients aα1,...,αk is equal to fk,k(z1, ..., zk). Then A/I is a flat deformation of
the algebra A/I0 where I0 is the ideal generated by xixi+1...xi+k−1, i ∈ Z.
Proof. It follows from (5.42) that in the limit q → 0 we have g(z) = 1−z. Using recurrence
relation (5.45) one can prove by induction that in the limit q → 0 we have
fn,k(z1, ..., zk) =
∑
1≤i1,...,in≤k,
ia 6=ib if a6=b
zi11 ...z
in
n .
In particular, if n = k, then {i1, ..., ik} = {1, 2, ..., k} and we have in the limit q → 0
f(z1, ..., zk) = fk,k(z1, ..., zk) =
∑
σ∈Sk
xσ(1)x
2
σ(2)...x
k
σ(k) = ψk(x1...xk).
More generally, it follows from (5.40) that in the limit q → 0 we have
fi(z1, ..., zk) = ψk(yi) = ψ(xixi+1...xi+k−1).
Therefore, A/I is a deformation of A/I0. It follows from Theorem 4.2 that this deformation is
flat iff relations (5.36) hold for some sequence bβ . Moreover, it follows from Lemma 5.5 that
these relations (5.36) hold if generating functions for sequences aα1,...,αk , bβ are given by (5.42).

5.3 Fermionic case
Let F0 = Λ
∗[ξi, i ∈ Z] be generated by {ξi, i ∈ Z} with defining relations ξiξj+ξjξi = 0, i, j ∈ Z.
It is a Z2-graded associative algebra, we assume deg(ξi) = (i, 1). Let F be the projective limit
of F0/(ξi, |i| > N) in the category of Z
2-graded associative algebras. Informally, F is an
extension of F0, we allow certain infinite sums similarly as we did in Section 2. We have
functional realization of F in the space of formal Laurent series in several variables defined by
ψl(ξi1...ξil) =
∑
σ∈Sl
sign(σ)zi1σ(1)...z
il
σ(l),
the only difference from the commutative case is that these Laurent series are skew-symmetric
in the fermionic case.
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We are interested in flat deformations of quotients of the algebra F in the class of skew-
symmetric associative algebras. One can derive functional equations similar to (5.26), (5.39)
as a criterion for flatness.
Conjecture 5.2. Let I0 be the ideal in the algebra F generated by ξiξi+1, i ∈ Z. Let I be
the ideal in the algebra F generated by
yi = ξiξi+1 − qξi−1ξi+2 + q
3ξi−2ξi+3 − ... =
∞∑
k=0
(−1)kξi−kξi+k+1q
k(k+1)
2 , i ∈ Z.
Then the algebra F/I is a flat deformation of the algebra F/I0.
More generally, fix k > 1. Let
g(z) = (1− z)
∞∏
i=1
(1− qi)(1− qiz)(1− qiz−1) =
∑
i∈Z
(−1)iziq
i(i−1)
2 .
Conjecture 5.3. Let I0 be the ideal in the algebra F generated by ξiξi+1...ξi+k−1, i ∈ Z.
Let I be the ideal in the algebra F generated by yi i ∈ Z such that
ψk(yi) = z
i
1z
i+1
2 z
i+2
3 ...z
i+k−1
k
∏
1≤i<j≤k
g
(zi
zj
)
.
Then the algebra F/I is a flat deformation of the algebra F/I0.
Remark 5.4. To support these conjectures we have verified the corresponding functional
equations.
6 Conclusion and outlook
We have a strong feeling that algebras constructed in this paper constitute just a tip of an
iceberg. In particular, commutative algebras studied in [3] should also admit this kind of
“elliptic” deformations. Moreover, all these algebras can possibly be deformed further into
associative non-commutative algebras. It would be interesting to understand if main objects
of Representation Theory and Vertex Algebras (such as universal enveloping algebras of affine
Lie algebras and Virasoro algebra) also admit similar elliptic deformations.
The algebra A admits cyclic reductions: we can set xi+N = xi, i ∈ Z where N is fixed.
Elliptic deformations of quotients A/I0 studied in this paper also admit such reductions. After
cyclic reduction of these algebras we obtain families of commutative algebras with generators
xi, i ∈ Z/N . These algebras and their non-commutative deformations might be connected with
Elliptic Algebras [8].
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